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Abstract

In this paper, we prove the existence of fixed points of contractive and Geraghty contraction maps in complete
metric spaces under the influence of altering distances. Our results extend and generalize some of the known

results.
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I.  Introduction and Preliminaries

In a complete metric space, Geraghty[4]
established a criteria for the sequence of Picard
iterations defined by xo € X, Xo = TXp0, N = 1,2, 3, ...
to be Cauchy for contractive mappings. If it is
Cauchy, it is easy to see that it converges to a unique
fixed point of T in X and proved necessary and
sufficient condition for a sequence of iterates to be
convergent.
Notation: Throughout this paper,
¥ ={y: R" — R"/ y is non-decreasing and y (t) = 0

< t=0},

S={B: [0, ) — [0, 1)/ B (ty » 1 = t, — 0}
_ AT {xhin)).T (xe(n)))

n dn )

pv = YE(TER@) T (xk(n))))
" W(dn)

and dn = d(Xh(n), Xk(n))

for any sequence {x,} in X and subsequences
{Xam} and {xun} of {x }.
We write R* = [0, o).
Definition 1.1. Let (X, d ) be metric space and let T:
X — X be a selfmap. We say that T is contractive
mapping, if

d(T(x), T(y)) <d(x, y)
forallx,yin Xwith x#y.
Definition 1.2. Let ( X, d) be a metric space and let
T: X — X be a selfmap. We say that T is contraction
mapping, if there exists k € [0, 1) such that

d(T(x), T(y)) <kd(x,y) (1.2.1)
for all x, y in X.

(1.1.1)
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Geraghty [4] proved the following theorems.
Theorem 1.3. (Geraghty)([4] Theorem 1.1.) Let (X, d)
be a complete metric space. Let T: X — X be a
selfmap on X such that

d(Tx, Ty) <d (x, y)
forall x,y eX with x #y.
Let X, € X and set x, = Tx,.1 for n > 0. Then x, — X,
in X, with x,, a unique fixed point of T, if and only if
for any two sub sequences {Xhm} and {Xn} with
Xhmy # Xk(n) We have that 4, — 1 only if d, — 0.

(1.3.1)

Theorem 1.4. (Geraghty) ([4] Theorem 1.3.) Let

T: X — X be a contraction on a complete metric
space (X, d). Let x, € X and set x, = Tx,, for n > 0.
Then X, — X, where X, is a unique fixed point of T
in X, if and only if there exists # €S such that
for all n, m,

d(TXn, TXm) < B(A(Xn, Xm))-d(Xn, Xm)- (1.4.1)
Definition 1.5. Altering distance function [6] :

A function ¢ : R* — R" is said to be an altering
distance function if the following conditions hold:

(i) ¢ is continuous,

(ii) ¢ is non-decreasing and

(iii) p(t) =0 ifand only if t = 0.

We denote the class of all altering distance functions
¢: R" — R" by ®@. It may be noted that ® is a proper
sub class of V.

For more literature on the existence of fixed points
of different contraction conditions involving altering
distance functions, we refer to [[3], [231 %71]5
In 2013, Babu and Subhashini proved following
results by taking
@, = {p1: [0,00) — [0,0) / ¢, is continuous and ¢, (t)

=0 et=0}
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Theorem 1.6. (Babu and Subhashini [2]): Let T be a
self map on a complete metric space (X, d). Assume
that there exist a ¢; € @ with
e1(d(Tx, Ty)) < @u(d(x, Y))

forall x,yin X with x#y.
Let x, € X, and set x, = Tx,5 forn=1, 2, 3,....

Then x, — z in X, z is a unique fixed point of T if and
only if for any two subsequences {Xnm} and {Xm}

with Xn(n) * Xk(n), W€ have that A(f,ll —1 only if dn — 0.
@1 (A (TXp 0y s Ty ))
¢1 (d n )

(1.6.1)

Where A% =

dn = d(Xngnys X))

Theorem 1.7. (Babu and Subhashini [2]) : Let (X, d)
be a complete metric space and T be a self map on X.
Assume that there exist ¢; e ®; and k €[0, 1)
such that

e1(d(Tx, Ty)) <k p:(d(x, y))
forall x,y €X,

Let x, € X and set x,=Tx,s forn=1, 2, 3 ...

Then x, — z, z is a unique fixed point of T in X

if and only if there exists # €S such that for all

n,méeN.
@1(d(TXn, TXm)) < Be1(d(Xn, Xm))) w(d(Xn, Xm)) (1.7.2)
In 2012, Gordji, Ramezani, Cho and Pirbavafa [5]
proved the following theorem in partially ordered
metric spaces by using an element y € ¥ along with
the additional assumptions of continuity and sub-
additivity.
Theorem 1.8. (Gordji et al. [5]) Let (X,s) be a
partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric
space. Let T: X — X be a non-decreasing mapping
such that there exists X, € X with X 5 T(Xg). Suppose
that there exist g €S and y €, y is continuous
and sub-additive such that

w(d(T(x), T(y))) < By (d(x, ¥)))w(d(x, y))

forall x,y € X with x >vy.
Assume that either

(i) T is continuous (or)

(if) X is such that if an increasing sequence {x.}
converges to x then x, < x for each n > 1 holds.
Then T has a fixed point.

Further, if for each x, y € X, there exists z € X which
is comparable to x and y.

Then T has a unique fixed point in X.

The following lemma, which we use in the next
section, can be easily established.

Lemma 1.9. [1] Let (X, d) be metric space. Let {x,} be
a sequence in X such that d(Xq:1, X)) — 0 as n — o,
If {X,} is not a Cauchy sequence then there exist an

¢ > 0 and sequences of positive integers {m(k)} and
{n(k)} with n(k) > m(k) > k and d(xm(k), xn(k)) > e.

(1.7.1)

(1.8.1)

For each k > 0, corresponding to m(k), we can choose
n(k) to be the smallest integer such that d(Xmg), Xng) =
egand d(Xm(k), Xn(k)—l) <e.

It can be shown that the following identities are
satisfied.

(M) ;11-'?[3: d (Xog-1s Xmgea) = &5
(ii) ?11_13;1‘: d (Xng» Xm) = &
(iii) ;11_1;]3.: d (Xng-1, Xmw) = & and

(iv) il_?;l: d (Xng, Xm(+1) = &

Il.  Main results
In this section, we first prove the following
Theorem (which is a variant of Theorem 1.3, without
using the continuity of altering distance function).

Theorem 2.1. Let T be a selfmap on a complete
metric space (X, d). Assume that there exists y € ¥
such that

w(d(T(x), T(y)) < w(d(x, y))
forall x, yin X with x #y.
Letx, eXandsetx,=Tx,,forn=1,2,3...
Suppose for any two subsequences {Xnm} and {Xqm}
with Xn(n) * Xk(n), WE have that

A — 1 only if y(d,) — 0. (©)

Then {x,} is a Cauchy sequence and hence converges
say to z and z is the unique fixed point of T in X.

(2.1.1)

Proof. From (2.1.1), we have
w (d(T(x), T(Y)) < w(d(x, y))
forall x,y in X withx #y
=d(T(x), T(y)) <d(x, y)
forall x,y in X with x # y
=>d(T(x), T(y)) <d(x,y) forall x, y in X.
Therefore T is continuous.
By (2.1.1), clearly, if T has a fixed point, then it is
unique.
Assume that condition (C) holds.

ie, A —>1=y(d,)—0.

Let x, €X.
We define {x,} in X by x, = Tx,., for each
n=1,23..
If X, = Xy fOr some n then x, is a fixed point of f.
Without loss of generality, we assume that Xp,# Xn+1
for each n.
We have
y (A(Xne1, Xnr2)) = w(d(TXn, TXne1))

< p(d(Xn, Xne1)) - (212)
Therefore v (d (Xn+1, Xn+2)) < w(d (Xn, Xn+1)) @nd hence
d(Xn+1, Xne2) < d (X, Xn+1) For all n.
Thus it follows that {y (d(X,, Xn+1))} and {d(Xn, Xn+1)}
are strictly decreasing sequences of positive real
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numbers and so  lim y (d(x,, Xn+1)) exists and it is r
1 =00

(say). i.e., 11_1}]’1 w (d (Xn, Xn+1)) =1 >0.

lim
Also d(X,, X,,;) exists and it is s (say).
n— o
lim
ie., d(X,, X,,;)=s=>0.
n— o
We now show thatr =0 and s = 0.
Assume that r > 0, By choosing h,=nand k,=n+1

in (C).
l//(d(TXh(n)’TXk(n))) _ '//(d(TXnaTXn+1)) _
w(d (Xh(n) , Xk(n))) w(d(X,, Xn+l))

y (d (Xp1s Xoi2))

l//(d (Xn ! Xn+1))
and hence from condition(C),
w(d(Xn, Xns1)) > 0 @s N — oo,
Therefore r = 0.
Suppose s # 0 that implies there exists N such that

—Jlasn—o o

S
E < d(Xna Xn+1) ¥ n=N.

S
=20< V/(E) < l//(d (Xn, Xn+1))y

a contradiction n >N.

Hence s = 0.

Now, we show that {x,} is Cauchy.

Suppose that {x,} is not a Cauchy sequence. Then by
Lemma (1.9) there exists an & > 0 for which we can
find sequences of positive integers {m(k)} and {n(k)}
with n(k) > m(k) >k and d(Xm(k), Xn(k)) >e.

For each k > 0, corresponding to m(k), we can choose
n(k) to be the smallest integer such that d(Xmg), Xng)
>eand d(Xm), Xng-1) <é-

It can be shown that the following identities are
satisfied.

(i) Jill_]ﬂ: d(Xng» Xmqe) = €

(il) Hm d(Xing +1, Xag1) = &
(iii) lim d(dngg, Xngo1) =& and
(iv) kli_ﬁ}: d(Xngg, Xm(g+1) = €

We have

0 <yw(e) and hence Xm-1 # Xng-1

0 < y(e) < y(d(Xmg, Xn) = Y(A(MXmgo-1, TXamo-1)
<y(d(Xmo-1» Xngio-1y) OY(2.1.1)

w (d (X s Xagy))
w(d (Xm(k)—l' Xn(k)—l))
W (d Xy Xay))

w(d (Xm(k)—l' Xn(k)—l))

Therefore <1.

Suppose

Then by condition (C)
y(d(Xmg9-1, Xngo-n) = 0.
= (e - 0) < w(d(Xm(-1, Xngo-1)) = 0.
Therefore y(e) =0 =2¢=0,
a contradiction.

w(d (Xm(k)’ Xn(k)))

w(d (Xm(k)—li Xn(k)—l))
Then without loss of generality, we may suppose that
there exist 0 < o < 1 such that

w(d (Xm(k)’ Xn(k)))

w(d (Xm(k)—l’ Xn(k)—l))

Therefore 0 < y(d(Xngy, Xm)) < o w(d(Xngo-1, Xmgio-2))-
On letting k — o, we get 0 <y (¢ + 0) <a w (¢ + 0)
=yp(+0)=0.

Therefore ¢ = 0,

a contradiction.

Therefore {x,} is a Cauchy sequence in X, and since X
is complete, there exists z € X such that J{11_2}: Xn = Z.

does not tend to 1.

Suppose

< a, for all k.

Now, we show that z is a fixed point of T.

Since T is continuous,

In this case,

we have lim x,= lim x,,;,= limTx, =Tz
k—oo hr—+oa k—oo

Therefore z is a fixed point of T in X and z is unique.

Theorem 2.2. Let (X, d) be a complete metric space
and T be a continuous self map on X.
Let xg € X and set x, = Tx,, forn =1, 2, 3, ... .
Suppose that there exist €V and § €S
such that for all n, m €N.
w(d(TXn, TXm)) < By (d(Xn, X))y (d(Xn, Xm)).  (2.2.1)
Then {x,} is Cauchy, {x,} converges to z (say) and z
is a unique fixed point of T in X.
Proof. We prove that {x,} is a Cauchy sequence.
Suppose that {x,} is not Cauchy.
Then as in the proof of Theorem 2.1, we can find
sequences {m} and {n.} satisfying the inequalities
there in.
Then we have

w(d(Xng, X)) = w(d(TXng-1, TXimgg-1))
< By (A (Xnw-1, Xmgoy-1))) (@ (A (Xn-15 Xmey-1)) (2.2.2)
Suppose S (w(d(Xngy1 Xme-y)) — 1 then by
hypothesis y(d(Xng-1, Xmg-1)) — 0
that implies w(d(Xagg, Xmgy)) — O.
Now, & < d(Xn(k), Xm(k))-
Therefore 0 < w(e) < w(d(Xnw), Xm)) — 0 and hence
w(e) = 0 that implies ¢ = 0,
a contradiction.
Hence without loss of generality, we may suppose
that there exist 0 < a < 1 such that A(y(d(Xng-1, Xm-
1)) < o for infinitely many n.
Then from (2.2.1)
0 < w(d(Xnys Xmk)) < & w(Ad(Xng-1, Xm(k-1))-
On letting k — oo, we get
0<y(e+0)<ay(e+0)=>wy(E+0)=0=¢c=0,
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a contradiction.
Therefore {x,} is a Cauchy sequence in X, and since X

is complete, there exists z € X such that lim x, =z
11—+ o0

Now, we show that z is a fixed point of T.
Since T is continuous
Xy —Z=>Tx,—> Tz
= Xps1 — T2
Therefore by the uniqueness of the limit, z = Tz and
hence z is a fixed point of T in X.
Suppose that z and w are two fixed points of T with
ZFW.
Then y (d (z, w)) >0
From (2.2.1), now follows that
y(d(Tz, Tw)) < A(w(d (2, W)))w(d (2, w)))
< y(d(z, w)).

Hence y (d (z, W) < y(d (z, W)),
a contradiction. Therefore z = w.
Therefore T has unique fixed point in X.
Now we have the following Corollary.
Corollary 2.3. Let (X, d) be a complete metric space
and T be a selfmap on X. Assume that there exist
w €¥and k €[0, 1) such that

w(d(Tx, Ty)) <k w(d(x, y) (23.1)
Let xo € X and set x==Tx,., forn=1, 2, 3... .
Suppose that there exist y € ¥ and 8 €S such that for
alln,m eN.
w(d(TXn, TXm)) < By (d(Xn, Xm)))y(d(Xn, Xm))-  (2.3.2)
Then {x,} is Cauchy, {x,} converges to z (say) and z
is a unique fixed point of T in X.
Proof. Under condition (2.3.1) we first show that T is
continuous. Suppose {x,} converges to x and Tx, does
not converge to Tx. Then there exists an ¢ >0 such
that ¢ < d(Tx,, Tx) for infinitely many n.
By (2.3.1), w(e) < w(d(Txn, TX)) <k y (d (xn, X)) for
infinitely many n. Then ¢ < d (x,, x) for infinitely
many n. Therefore ¢ = 0,
a contradiction and hence T is continuous.
As a consequence of Theorem 2.2, we obtain the
following Corollary, which is proved in Theorem 1.8
by using the additional hypothesis that  is
continuous and sub additive.
Corollary 2.4. ( Sastry et al. [8]) Let (X, =) be a
partially ordered set and (X, d) be a complete metric
space. Let T: X — X be a continuous non-decreasing
mapping such that there exists
Xo € X With xg < T(Xo). Suppose that there exist €S
and y €, such that
y (d(T(), T(Y))) < Blwd(x, ) p(d(x,y))  (24.1)
for all x, y €X, whenever x and y are comparable.
Define the sequence {X,} by Xu+.1 = Tx, forn=0,1, 2
, ... . then {x,} is a Cauchy sequence, {x,} converges
to z (say) and z is a unique fixed point of T in X.
Proof. Let x, € X.
We define {x,} in X by X,.; = Tx, forn=0, 1, 2...
Since Xo = Txg and T is a non-decreasing function,
Xo S TX STX ST 5.
8., X0 X1 F X0uoo S Xn S X1 5 oo

so that X, < Xn+ for each n > 0.
Thus any two numbers of the sequence {x,} are
comparable. Hence by (2.4.1) we have,

for all n,m eN.
y(d(TXn, TXm)) < Bw(d(Xn, Xm)))w(d(Xn, Xm))
Thus (2.2.1) is satisfied. Hence by Theorem 2.2 {x.}
is a Cauchy sequence and hence converges to z (say).
Now, by the continuity of T again by Theorem 2.2
follows that z is a unique fixed point of T.
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